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Abstract 
Based on rigorous limit-analysis theorems, an analytic plastic potential for porous solids with Tresca matrix was deduced. Key in 
the model development was the consideration of the specificities of the plastic flow of the matrix. Finite element calculations 
were conducted for a voided cubic cell obeying Tresca's criterion and compared with the predictions of the new model. The new 
and intriguing features predicted by the new model, in particular the combined effects of the triaxiality and third invariant on void 
evolution are confirmed by the numerical calculations. Irrespective of the loading history, it was found that neglecting the local 
plastic heterogeneity leads to a drastic underestimation of the rate of void evolution. 
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1. Introduction 
It is generally accepted that ductile failure in metals is due to the nucleation, growth, and coalescence of voids. 
Voids evolve due to the plastic deformation of the surrounding solid material. Thus, it is essential to understand how 
the yield criterion that governs the plastic flow of the matrix influences damage accumulation. However, within the 
last decade most efforts have been devoted to the description of the effects of void geometry on the dilatational 
response of porous materials and much less attention has been paid to understanding the role played by the plastic 
flow of the matrix. Indeed, in most of the available models for ductile porous solids, the matrix is described by the 
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von Mises yield criterion. Examples include Gurson's (1977) criterion and its various extensions (e.g. Tvergaard and 
Needleman (1984); Cazacu et al. (2013), etc.). Using a rigorous limit-analysis approach, Cazacu et al. (2014) derived 
an analytic plastic potential for porous solids containing spherical voids. The matrix was perfectly-plastic and 
obeying Tresca criterion. The derivation of this model and its key features are briefly recalled. Further, its 
capabilities to describe the role of the stress state on void evolution are investigated. To this end, numerical solutions 
for the behavior of a three-dimensional cell model containing a single initially spherical void embedded in a Tresca 
matrix are conducted. The numerical analyses are done for a fixed ratio of the axial and lateral true stresses 
corresponding to different levels of stress triaxiality for both positive and negative values of the third-invariant of the 
stress deviator J3. The new and intriguing features predicted by the new model, in particular the combined effects of 
the triaxiality and third-invariant on void growth are confirmed by the numerical calculations. Irrespective of the 
loading history, it is found that neglecting the local plastic heterogeneity leads to a drastic underestimation of the rate 
of void evolution. 
2. Cazacu et al. (2014) analytic yield criterion for porous solid with Tresca matrix 
To deduce the plastic potential of a porous solid containing randomly distributed spherical voids in a Tresca 
matrix, Cazacu et al. (2014) used a kinematic homogenization approach based on Hill-Mandel lemma. The limit-
analysis was conducted for both tensile and compressive states for a hollow sphere using the incompressible and 
isotropic local velocity field v, derived by Rice and Tracey (1969), which is consistent with boundary conditions of 
uniform strain rate, i.e. : 
   > @3 m r 11 1 1 2 2 33 3 32b D D + + D' ,r c    v e e e e e e e x       (1) 
where x is the position vector (originating from the center of the sphere), er is the radial unit vector, b denotes the 
outer radius of the sphere, D is the imposed macroscopic strain rate tensor, D'= D- DmI denotes its deviator, with 
Dm= tr(D)/3 being the mean strain rate and I  the second-order identity tensor. The overall plastic dissipation 
associated to the velocity field given by Eq. (1) is:  
   TTresca TrescaΠ , f π  dV  ,V
V
:
 ³D d         (2) 
where V= 4Sb3/3, Ω is the domain occupied by the matrix, f =a3/b3 is the porosity (a and b denotes the inner and 
outer radius of the sphere, respectively), while  Trescaπ d is the local plastic dissipation associated to Tresca's 
criterion, i.e. 
 
   Tresca T 1 2 3π = σ d + d + dd          (3) 
 
where Tσ  is the uniaxial yield limit in tension while d1, d2, d3 are the principal values (unordered) of the local strain-
rate field   / 2T  d v v , with v defined by Eq. (1). Note that a major difficulty in obtaining a closed-form 
expression of 3Tresca(D,f) is that STresca(d) depends on the sign of each of the principal values of the local strain-rate 
tensor, d (see Eq. (3)). This is a direct consequence of Tresca's criterion being dependent on the third-invariant of 
the stress deviator. Only for axisymmetric loadings, the signs of the principal values d1, d2, d3 can be determined 
analytically. Indeed, for axisymmetric loadings 
 
D =    1 1 1 2 2 3 3 3D + + D'e e e e e ec             (4) 
 
where (e1, e2, e3) are the eigenvectors of D and iD'  the eigenvalues of D'. The principal values (unordered) of the 
local strain rate field d, with v given by Eq. (1) are:  
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with r 0 θa b, Sd d d d  being the spherical coordinates. Thus, unlike the case when the plastic flow is governed 
by the von Mises criterion, the expression of the local plastic dissipation in terms of the invariants of the imposed 
strain rate tensor D is not unique. For example, if mD 0t and 11D 0c t : 
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For the expressions of the local plastic dissipation corresponding to all other axisymmetric loading cases, see 
Cazacu et al. (2014). It is worth recalling that in the literature, following Gurson (1977), it is assumed that the 
coupling between shear and normal effects, i.e. the term m 1D Dc  , can be neglected. As shown in Cazacu et al. (2014),  
if this approximation is considered when evaluating the local plastic dissipation associated to Tresca's criterion (e.g. 
see Eq. (6)), then the truncated expression of the plastic dissipation becomes: 
 
   62 2Tresca m 1π 4 D / 4D  T b rV c# d         (7) 
 
Thus, the truncated expression of the local plastic dissipation for a porous Tresca material coincides with the 
expression of the plastic dissipation used by Gurson (1977) for a porous solid with von Mises matrix. This means 
that neglecting the cross-term m 1D Dc  amounts to erasing the specificities of the plastic flow of the matrix material, 
the dilatational response being the same whether the matrix material obeys Tresca or von Mises criterion. Moreover, 
the truncated expression (given by Eq. (7)) involves only dependence on the radial coordinate, which means that the 
local plastic dissipation is the same on every spherical surface S(r), with a r bd d . Thus, neglecting the cross-term 
is a strong approximation of the distribution of the plastic deformation in the matrix ( i.e. plastic flow is such that the 
local plastic dissipation for axisymmetric states does not depend on the spherical coordinate TThis has important 
consequences in terms of the accuracy of the description of the dilatational response of the porous solid (Revil-
Baudard and Cazacu, 2014). For example, Fig.1 shows the yield locus of a porous Tresca material according to the 
Cazacu et al. (2014) (Eq. 2), which is based on the exact expression of the local plastic dissipation and the yield 
locus based on the truncated expression (Eq. (7)), which coincides with Gurson's (1977) criterion for a porosity 
f=4%. According to the new criterion, for tensile loading ( mΣ 0t ) the response for axisymmetric loading 
conditions such that J3>0 is softer than that for axisymmetric loading conditions corresponding to J3 < 0 (yield curve 
corresponding to J3>0  is below that corresponding to J3<0) while for mΣ 0d  the reverse occurs. Note that Gurson's 
(1977) criterion does not depend on J3, the third invariant of the stress deviator c6 and  displays very strong 
symmetry properties, namely invariance under both transformations  
m m
, ( , )c c6 6 o 6  6  and  
m m
, (- ,- )c c6 6 o 6 6 , 
where 6m is the mean stress and c6  the stress deviator. On the other hand, the criterion for the porous Tresca 
material given by Eq.(2) is invariant only to the transformation  
m m
, (- ,- )c c6 6 o 6 6 . It is also worth noting that the 
criterion given by Eq. (2) coincides with Gurson's (1977) only for purely hydrostatic or purely deviatoric states for 
which the cross-term m 1D Dc  is zero.  
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Fig. 1. Yield surface of the porous solid according to the porous Tresca criterion (Eq. (2)) for axisymmetric stress states for which J3<0 and J3>0 , 
respectively, in comparison with Gurson's (1977) for the same porosity (f = 0.04). 
3. Void volume fraction evolution 
Beginning with the pioneering studies of Koplik and Needleman (1988), finite-element (FE) cell model 
computations have been used to gain fundamental understanding of the micromechanics of ductile fracture and 
assess the capabilities of theoretical plastic potentials for porous solids. Although the present investigation concerns 
the response of an isotropic porous solid subject to axisymmetric loadings, full three-dimensional cell model 
computations were conducted. It is assumed that the porous solid contains a regular array of initially spherical voids. 
The inter-void spacing is considered to be the same in any direction. The FE analyses were performed with 
DD3IMP (Oliveira et al. 2008), an in-house quasi-static elastoplastic code with a fully-implicit time integration 
scheme finite element solver. Due to symmetry, only one-eighth of the unit cubic cell was meshed with 8-node 
hexahedral finite elements (selective reduced integration technique, with 8 and 1 gauss points for the deviatoric and 
volumetric parts of the velocity field gradient, respectively). For more details on the numerical procedure and 
imposed boundary conditions, the reader is referred to Alves et al. (2014). Fig. 2 compares the void volume fraction 
versus macroscopic effective strain curves for axisymmetric loading histories corresponding to either (J3<0) and 
(J3>0) and fixed positive stress triaxiality T = 2. The initial porosity was f0 = 0.0013. Both the analytical and FE cell 
calculations show that there is a marked influence of the third-invariant of the stress deviator on void growth. 
Indeed, comparison between the results presented in Fig.2(a) and Fig.2(b) shows that the rate of void growth is 
faster for J3>0. This is to be expected since according to the model (see also Fig.1) for states corresponding to tensile 
mean stresses, the response is softer for J3>0 than for J3<0. The agreement between numerical results and model is 
good, in particular for J3<0. Irrespective of the sign of J3, Gurson (1977) predicts a lower porosity level in the 
material than the Cazacu et al (2014) criterion. For example, in the case when 63>61 ( J3>0 ) at a macroscopic 
equivalent plastic strain Ee = 0.1, the porosity according to Gurson (1977) is 30% lower while for loadings such that 
63 <61 (J3<0) Gurson (1977) predicts a porosity 25% lower than that according to the new model of Eq. (2). This in 
turn, implies that the rate of void growth of the porous solid depends strongly on the criterion that governs the 
plastic behavior of the matrix, as was early on pointed out in the seminal work of Rice and Tracey (1969). 
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Fig. 2. Comparison between the void volume fraction evolution with effective strain according to the porous Tresca model (line), Gurson's (1977) 
model (dashed line), and cell calculations (symbols) for T = 2; initial porosity f0 = 0.0013: (a) J3>0 and (b) J3<0  
Fig. 3 shows the comparison between the predictions of void evolution according to the analytical model and the 
FE cell model results for fixed compressive triaxiality T= -2. The initial porosity was considered higher (f0 = 0.0104) 
such as to allow a larger range of plastic strain to develop prior to pore closure. The agreement between numerical 
results and the Cazacu et al. (2014) criterion is very good. The comparisons correspond to axisymmetric loadings at 
fixed triaxiality T = -2 and J3> 0 (Fig.3(a)) and J3 <0, respectively ( see Fig.3(b)). The differences in the rate of void 
growth are significant, void evolution being faster for J3<0. Also, the rate of void collapse is much faster in a porous 
solid with Tresca matrix than in a porous solid following Gurson's criterion (see Fig.3). For example, for 
axisymmetric loadings at a fixed negative triaxiality T= -2 (compressive mean stress) at an effective strain of 0.1, 
the void volume fraction according to the porous Tresca criterion are: f = 0.12 f0 (for loadings with J3 > 0 ), f = 0.13 
f0 (for loadings with J3< 0) while according to Gurson's criterion: f = 0.24 f0 . Thus, Gurson's criterion predicts that 
the porosity is almost double that in a porous Tresca material. 
In summary, Figs. 2-3 clearly show that the usual approximation which consists in neglecting the cross-term 
when evaluating the local plastic dissipation has dramatic effects on all aspects of the response of a porous solid 
material. Furthermore, the invariance to the transformation  
m m
, (- ,- )c c6 6 o 6 6 of the Cazacu et al. (2014) criterion 
implies strong consequences on void evolution. It is worth noting that for tensile triaxialities the void evolution rate 
is faster for J3 > 0 than J3 < 0 and for compressive triaxialities, the reverse occurs.  
 
  
Fig. 3. Comparison between the void volume fraction evolution with equivalent strain   according to the porous Tresca model (line), Gurson's 
(1977) model (dashed line), and cell calculations (symbols) for T = -2; initial porosity f0 = 0.01: (a) J3 >0 and (b) J3< 0.  
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4. Conclusion 
It was shown that the exact plastic potential for a porous Tresca material containing spherical cavities should 
involve a very specific coupling between the mean stress and the third-invariant of the stress deviator. Furthermore, 
a plastic potential that preserves this key feature of the exact one was developed for axisymmetric loadings. The 
effects of this coupling between the sign of mean stress and sign of J3 on void evolution have been investigated. It 
was shown that the analytical model predicts that for axisymmetric stress states and positive triaxialities void growth 
is faster for loadings such that J3> 0 than for loadings for which J3 < 0, while void collapse is faster for loadings 
corresponding to J3 < 0 than for loadings corresponding to J3 > 0.  
Three-dimensional FE analyses of cubic unit cells containing a single initially spherical cavity were also 
conducted. The material in the cell was considered elastic perfect-plastic obeying Tresca's yield criterion. The 
calculations were carried out for several triaxialities and for the two possible orderings of the macroscopic principal 
stresses. The agreement between the model and FE yield points is very good. The criterion correctly predicts that for 
6m >0, the response is softer for loadings such that J3>0 than for loadings for which J3<0. The FE calculations 
confirm the model predictions, namely that  void growth is faster for loadings such that J3>0  than for loadings 
corresponding to J3 < 0. On the other hand, void collapse is faster for loadings corresponding to J3<0 than for 
loadings such that J3 > 0.While in the literature it is assumed that coupling between shear and mean stress effects can 
be neglected (see Gurson, 1977) we have shown that if the matrix is described by Tresca criterion this 
approximation leads to a drastic underestimation of the porosity evolution.  
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